MATH MILESTONE # B4

PROPERTIES OF FRACTIONS

The word, milestone, means “a point at which a significant change occurs.” A Math Milestone
refers to a significant point in the understanding of mathematics.

To reach this milestone one should understand the properties of common
fraction.
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DIAGNOSTIC TEST

Describe the quotient of 13 + 47 after further dwiding the remamder.

1

Lad

Indicate the numerator and denominator of the fraction

[R*]

(8

Insert the correct symbol (=, =, or <) between the two unit fractions.
1 f A 1 1 i _I'-

|.r|jf| % b= L Ly
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How would you dwvide 3 pizzas equally among 4 people? What would each person get?

Show the fraction £ on a number line.

[

Express the whole number & n fractional form.
P DE . 12 - o -
Convert the mproper fraction = nto a mixed number.

Convert the mixed number 5 2 to an mproper fraction.

f'e] (W8]

Write at least one equivalent fraction for each of the following fractions:
15
)

fla PR 7
I_|}_I == |Cy = ) ==
. g T

(al
9, 1

fe] (W%

Reduce the fraction % to its lowest terms.

State  the following pawr of fractions are equwalent or not.

':E-J' % I_LE |:|3:| 1—1 & 5 I:I:I:'I ;[

L%}
|'-._|'|

"

= ()
2 R

(e
Leal
[
LEal

If John walked ﬁ miles and Bill walked % miles, who walked the greater distance?

L I_{ u} |"
1/91(8) 6 WEV 'R ST T

7 l0eUlL OS] "o dojelawn [_j T
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LESSONS

Lesson B4.1 Inexact Division & Fractions

When we divide the remainder from inexact division also, we get fractions.

1. (a) When there is a remainder after division, we have INEXACT division.

20 +3=6R2 (remainder of 2 - inexact division)
35+6=5R5 (remainder of 5 = inexact division)
44 +5=8 R4 (remainder of 4 - inexact division)

(b) This remainder is less than the divisor. When we divide the remainder by the divisor, we get
a quantity with an absolute value less than one.

5 =2 =2 2andremainderl = 2andl=2 = Zand%

Here we divide the remainder 1 by the divisor 2. We right the result as %z and call it “half.”
This is a quantity with an absolute value LESS THAN ONE.

2. (a) Any gquantity with an absolute value less than one is
called a FRACTION. The word FRACTION comes from a

Latin word “fractere” which means, “a broken piece.” A
broken piece of cookie would be an example of a

fraction of a cookie.

(b) Whenever we divide a number by a larger number we get UNIT (WHOLE) FRACTION
a fraction.
?25-3 = Bandremainderl = B8and1=23 = Band%
356 - 5andremainder5 2 5and5+6 = Eand%

3. (@) The fraction is a single quantity resulting from the division of a smaller number by a larger
number. Thus, a fraction is simply expressed as “dividend over divisor.”
AT 1
1 +6 = <
K 6

(b) In a fraction, the previous dividend is now called the NUMERATOR, and the previous divisor
is now called the DENOMINATOR.

DIVISION FRACTION
{(involves two quantities)  (a single quantity)
Dividend Mumerator
‘\\‘ 1
Divisgr*"ﬂ Denominator

Numerator over denominator is the representation of a single quantity.
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© Exercise B4.1

1.

Write the quotient for the following inexact divisions as a whole number and a fraction.

(a) 8+3 (d) 16 +5 (g) 20 +3
(b) 9+ 4 (e) 31+7 (h) 19+6
() 7+2 (f) 25+6 (i) 24+5

Provide 3 examples of fraction in real life.

Indicate the numerator and the denominator in each of the following fractions.

La) 2 ib) ﬁ (c) =+ ( ._‘|_‘_| L

Lesson B4.2 Unit Fractions

Common fractions are multiples of unit fractions.

1.

When a unit is divided into equal number of smaller parts,
each part is called a UNIT FRACTION. The numerator of a
unit fraction is always 1.

(a) When we divide a unit into 2 equal parts, each part is
called a unit fraction of “one half.” 1

I|I
=
n

One half [%]

(b) When we divide a unit into 3 equal parts, each part is
called a unit fraction of “one third.”

(c) When we divide a unit into 4 equal parts, each part is
called a unit fraction of “one fourth” or “one
quarter.”

-
i

(X
n

One third 113]

(d) A half, a third, a fourth, etc., are unit fractions of
different “sizes,” because the more parts a unit is
divided into, the smaller is the relative size of the “unit
fraction.”

6 =
1
4

is less than % is less than

One fourth [%]

1
2
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A “tenth” of a unit would be smaller that an “eighth” of that unit.

1l < 13— (< means “less than")

A “tenth” of a unit would be greater that a “hundredth” of that unit.
1 1

70 > 700 (> means “greater than”)
2. A fraction may be expressed as a multiple of a unit fraction.

(a) To divide 3 cookies among 4 children (3 + 4), we first divide each cookie into 4 equal
pieces. This gives us 12 quarter-size pieces.

D DD

3 cookies = 12 quarter-size pieces
Then we divide the 12 quarter-size pieces among 4 children. Each child gets 3 quarter-size
pieces.
3=4 = 12 (quarter-size pieces) = 4 3
= 3 (quarter-size pieces) Q j
= 3of 7

(b) Each child gets 3 of the 4 equal parts of a cookie. This s a fraction % . The denominator 4

tells us that the unit fraction 1s % The numerator 3 tells us how many of those "unit

fractions” are there in the fraction.

numerator .

= 1
= 3nf4

)
A 7‘ x

denominator ERDET unit fraction

Al

Divide 5 cookies among 8 children.

We first divide each cookie into 8 equal pieces.

L cookies= 8 = (40 pieces of %—:ﬁze} + 8

Then we divide these 40 pieces among 8 children. Each child gets 5 pieces of 1 8-size.
(40 preces of %—Size} +8 = b5 plecesof %—Size

= % of a cookie

Copyright © 2008 by Vinay Agarwala, All Rights Reserved (01/01/2008) MS B4 -5



Divide 7 cookies among 10 children.
Each child's share 7 cookies = 10

= 70 pieces of 1—%—size = 10
= 7 pieces of %—size
= % of a cookie

© Exercise B4.2

1. Write the unit fractions for the following.
(a) When a unit is divided into 10 parts
(b) When a unit is divided into 20 parts
(c) When a unit is divided into 100 parts

2. Insert the correct symbol (>, =, or <) between the two unit fractions.

| 1 iyl 1 (q) L L
Wa 3 W3 T
wE A
() l l |T'F:| l l |"'|"| l l
g 7 "B 5 Ch23 23

3. Describe the following fractions as “number of unit fractions.”
ia) ﬁ (d) % (q) % |r_]\| %—g
(b) 4 (e) % (h) '; (K) :—g
ic) % (f) %— (1) % (L lﬁﬁu

4. Fillin the blanks: Numerator Denominator Fraction

(a) 3 quarters

(b) 5 eighths

(c) 7 tenths

(d) 60 hundredths
(e) 250 thousandths

Lesson B4.3 Proper and Improper Fractions

In a PROPER fraction the numerator is less than the denominator. When the numerator is
equal to, or greater than, the denominator, the fraction is improper.
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1. APROPER fraction 1s less than 1, because the numerator 15 Lless than the denominator.

The fractions shown below are: %, %, and % Each of these fractions 1s less than 1. In each

case, the numerator 15 less than the denominator.

2
3

o=

C

o

2. A fraction that is equivalent to 1, or more than 1, is IMPROPER, because the numerator is

either equal to, or greater than, the denominator.

2

(@) The improper fraction 5 is "2 halves” that are equivalent to 1. Here the numerator is

equal to the denominator. Similarly, % and % are also equal to 1, and are improper

fractions.

[(X]
=4

ha =
]

1
sofl
°'1

5

ra|na

ca|es

4
4

= 2-2
= 3=3

= 4-4

n
=Y

n
=Y

(b} The improper fraction 5 15 "5 quarters” that are equivalent to one and a quarter. Here the

numerator 15 greater than the denominator. Similarly,

than one, and are Improper fractions.

Copyright © 2008 by Vinay Agarwala, All Rights Reserved
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30f2
1
401‘3

d
13 of 10

1 1 = 1
4ufE+E 1al1d4
20f%+% = land%
30f%+% = land%

1 3 3
lﬂofﬁ+ﬁ = landﬁ

3. On a number line, a proper fraction would appear between 0 and 1.

i

{a) The fraction

2

1 would appear half way between 0 and 1.

0

— P [Pl

1

2

(b) To show the fraction % dwide the interval between 0 and 1 into 3 equal parts. Then

count 2 parts from zero.

0

{(c) To show the fraction

1
3
I

4

count 3 parts from zero.

1
3
i
|

3
1

4 e

— i

2

0

3_. dwide the interval between 0 and 1 into 4 equal parts. Then

1

2

4. On a number line, an improper fraction would appear beyond 1.

{a) To show the fraction 4 ount4a of% to the right from 0. As expected 53 15 greater

3

than 1, because 4+ 3 15" and
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(b) A whole number, when expressed in the fractional form with a denominator of 1, would be
an improper fraction.

——-u|u
L%}

_ _ 6

6 = 6= 1 = 6
1

25 = 25 - 1 = 3?
365 = 365~ 1 = %

5. (a) An improper fraction may be presented as a “mixed number.” We simply divide the
numerator by the denominator to get a quotient made up of a whole number and a proper

fraction. This is called a mixed number.

4 1 1
= = 4-:3 = 1and 1+ 3 = 1+ = = =
3 an 3 3
(b) In practice, “and” or “+” is not used between the whole and the fraction part of the mixed

number, but it is implied. We are most familiar with mixed numbers when measuring a

length, such as, 3% inches.

7 .8 = 242 = j2
5 12-5 2and2 -5 2+5 25

(c) To convert a mixed number back to improper fraction, multiply the whole number by the
denominator and add the numerator.

_ 3, 1
= §+§
_ Bx1 1 _
3
(5x2) +2
5

(8x5) +3
8

—

W DM il eyl

Or, 1

Similarly, 2

© Exercise B4.3

1. Write if these fractions are less than, equal to, or greater than 1.
] i

3 10

foy 23 Ry 24 oy 3 oy 39 ;o 000 .
La) ﬁ | |_J__I m LC) ﬁ | |:|__| ﬁ Le) W I__'F:I

| ] [N}

s

2. Identify proper from improper fractions.

PR £ PR PR poa 24
(a) ﬁ [ -_'I__l % (q) ﬁ L) ﬁ L) "qu]‘
] i 7 =)
(b) 3 (e) & (h) 2 (K155 (n) 2L
[ F\ i F\ [ 21 R ?5 ;oA 241
i = 7 - = EvEE
) E | ﬂ 5 (1) 3t l |___| T4 Lol 241
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3. Show the following numbers on a number line

(a) 2 {I:._‘_u% {r_j% {-__‘_u% |_’_e_‘_|% {fj|1—5'j
4. How close s 1.ITL| to 17

5. Express the following whole numbers in fractional form:

(@) 3 (b) 13 (c) 56 (d) 137
6. Express each of the following improper fractions as a mixed number.
(a) 2 (e) 12 (i) 11 (m) L2 (q) 32 (u) 108
&/ 3 g 5 W3 10 W TZ
(b) & (f < () 12 (n) (n £ (v) 44
(c) 3' (q) % (k) % s)] % (5] ?—; (w) 53f-£.+1
id) 1% |i|‘|_‘_| '-’:4—1 (1 TE L) % ) T—:-‘; (%) Lt'E‘l?
7. Express each of the following mixed numbers as an improper fraction.
(@11  (1f @42 msd  (@sP (w3
)13 (27 G5 MsF U5 (g
(917 (@23 (Weg (955 (775 (w43
(d) 11 (h) 33 ()83 (p) 84 (t) 20% (x) 12 32

Lesson B4.4 Equivalent Fractions
Equivalent fractions are fractions that represent the same part of the whole.
1. The numbers in numerator and
denominator may change without /\
changing the value of the fraction.
(a) The different improper fractions &_/
shown here represent the same 2 _ 3 _ 4 _ 1
value of ONE. 2 - 3 B 4 B
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(b) The different fractions shown below represent the same value of HALF.

PEP

2
4 6 8 2

2. When we multiply (or divide) the numerator and
denominator by the same number its value does not
change. It is like multiplying by 1 because the same
number in numerator and denominator reduces to 1.

(a) In the example on the right, the value of the % = ;x g = %
fraction remains one half even when both numerator &
and denominator are multiplied by 3.

(b) In the following example, the value of the fraction 12 _ 12:4 _ 3
remains the same even when both numerator and 16 164 4

denominator are divided by 4.

3. All equivalent fractions reduce to the same fraction when common factors are taken out from
the numerator and the denominator.

(a) Since fractions, 7/14 and 8/16, reduce to 1/2, they are equivalent fractions.

e = A = 1 (Factor out 7)

14 14, 2

% = %1 = % (Factor out 8)

2
(b) 18/24 and 24/32 are equivalent fractions because they both reduce to 3/4.

3

% = 'Jjj—:.. = 33 (Factor out 8)
4
3

3_2; = % = 33 (Factor out B)
4

4. A fraction is expressed by its lowest terms as a standard. This helps minimize confusion.

(a) Equivalent fractions can be thought to be different fractions when they are not. This
confusion may be removed by reducing these fractions to their lowest terms.

The reduced form of the fraction % is %
The reduced form of the fraction % is %
; 50 . 1

Th d df f the fract e =
e reduced form of the fraction 100 is 5

(b) We obtain the standard form of ‘lowest terms” by canceling out all the common factors.

Copyright © 2008 by Vinay Agarwala, All Rights Reserved (01/01/2008) MS B4 - 11
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© Exercise B4.4

2Zx3x3
Fx2xw2xd

168 28
966 161

3Ix23
4x

b

3
2

28 4
164 23
3
4

4
23

1. Write at least one equivalent fraction for each of the following fractions. There is more than

one answer.

(a) 2 (d) (0) £

(b) & (e) = (h) §

(c) & (M 2 (i) £

2. Reduce the following fractions to see if they are equivalent.

@i @54 0 5 16
Bz  OF 8§ 0 35 %

CE IR (0) 2.2 K % 15

(d) 4. % (h &, & () 2, &

—
| S—
—

l*)

[ T
g mlm u-l|::n

—

—

S
1=
[
=

.-—-,.
3
-
[r=TI
s
g

ﬁ
=
p—
W Bl
|cr. gl“‘l El
P

]

—
(=]
o
P
—
5]

LS =
ra
s
a3

—
=
8l
=
L

3. Aperson ate % th of a pizza. Another person ate % th of a similar pizza. Who ate more?

4. Reduce each of the following fractions to their lowest terms.

(a) £ (g) 35
(b) 3 (h) %
(9 (i) 43
(d) 2 )
(e) & () 2
() & 0 2
5. Reduce to lowest terms:
L-ﬂ% (d)
i
(b) 125 (e)
(c) 332 (M

(m)
(n)
(o)
(p)
(q)
(r)

231

1540

273

31z

273

364

Copyright © 2008 by Vinay Agarwala, All Rights Reserved

3 (s) 10
T () 1%
1 W 7
2 ) g7
& ) 54
108 () 23
(0) g7
(h 35
;o 120
W BT84
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Lesson B4.5 Comparing Fractions

Fractions may be compared only when the denominator is the same.

1. Multiples of the same unit fraction are called LIKE FRACTIONS. They have the same
denominator.

i 7 : :
(a) 7 and & are like fractions.

= aof%

[F=TENrT NN

1
= ?Ofuj

(b) We compare like fractions by comparing thew numerators.

Aiof% = 3 of% because 4 = 3
% < % because FE < 7

2. Multiples of different unit factions are called UNLIKE FRACTIONS. They have different

denominators.
T

{a) % and & are unlike fractions.

4 _ c ol
: 4of5

1
= ?Ofa

(b) We compare unlike fractions by converting them to Like fractions.
i

Compare % to 5

Find a common multiple of the denominators 5 and 9.
Multiples of 5 are: 5, 10, 15, 20, 25, 30, 35, 40, 45, and 50
Multiples of 9 are: 9, 18, 27, 36, 45 ...
From above, a common multiple of 5 and 9 is 45.

Generate equivalent fractions with a denominator of 45.

4 _ 4x9 _ 36

5 5x9 45

T _ 7x5 _ 35

9 9x95 45

nce E E we W E 1
Since, 15 > 1 we can say, 5 > 5

Copyright © 2008 by Vinay Agarwala, All Rights Reserved (01/01/2008) MS B4 - 13
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Jlsd

Compare

Find a common multiple of the denominators, 3 and 4.
Multiples of 3 are: 3,6,9,12,15...
Multiples of 4 are: 4,8,12 ...
Therefore, 12 is a common multiple of 3 and 4.

Generate equivalent fractions with a denominator of 12.

2 _ 2x4 _ 8
3 3x4 1
3 _ 3x3 _ 9
4 4x3 12
Since, 8 . 2 we can say, 2 . 3

12 12 3 4
3. To compare two “unlike” fractions quickly, the product of the denominators may be used as the

common denominator.

Compare I_RE to %

(a) A common multiple of 15 and 20 would be 15 x 20, but one need not compute it.

Generate equivalent fractions with a denominator of 15 x 20.

8 _  B8x2  _ 160
15 15x 20 15x 20
1M1 - Mx15  _ 165
20 20x 15 20x 15

These are like fractions, so we compare the numerators,
160 < 165

Therefore, 8 < n
15 20

(b) In the above example, the final numerators are cross product of the numerator of one
fraction with the denominator of the other fraction. Therefore, cross-multiply the
numerator to denominator as follows.

8 ., 1
15 ~ 20
8-~ 1
15 20
Bx20 7 11x15

We get, 160 < 165
. 8 11
Therefore, 15 = 20

Compare T to %

Cross-Multiply while keeping the numerator on the correct side

Copyright © 2008 by Vinay Agarwala, All Rights Reserved (01/01/2008) MS B4 - 14



7x27 ? 21x9

We get, 189 = 189
7 _ 2
Therefore, g = o7

They are equivalent fractions.

© Exercise B4.5

1. Identify the pair of fractions as “like” or “unlike”:

rn 3003 rp 11 13 ry 600 B e 40 21
al . § l._'fl_.lE_- i (g) % ¢ 13 (1) 53. 53
R roa 11 13 oy 190 149 iy o 7
\ |Zl..l 28 I"Q-JE" 16 L |'I..I B3’ 85 I._|{..I 56’ 56
ro 2 1 o 11 12 e 4 14 oy B0 15
LC) 0 q I._f:l 33 36 L) 14+ 2—3 I._|._.l 15 &
2. Identify “like” from “unlike” fractions.
{a) One third, two thirds.
B2 2 3 3
Lo) T 2: 10 16
(c) One fourth, one fifth.
) & L2
\d) 13- 11 11
(&) One third, three fourths.
AL 19 21 33
W1 35+ 45+ K5+ /R -
{g) Three eights, five eights, seven eights.
3. Insert the correct symbol (>, =, or <) between the two fractions.
3 1 13 11 13 13 5 L 21
@z 2 (d 5 1 925 2% () 23 23
3 7 11 23 19 40 8 ¥
(b) B B (e) 35 3 (h) 83 83 (k) L6 Hb
i 1 17 15 5 13 67 18 19
(5 3 20 20 () 8% 0 0 % 43
4. Insert the correct symbol (>, =, or <) between the two fractions.
1 2 5 8 5 I 5 13
@z 3 M3y 1 (9 17 15 01z 21
3 4 7 11 Z 9 2 3
(b) 7 g (e) g9 13 (h) 15 20 (k) 17 25
©@§ 2 OF 1 U O 7
5. Use cross-multiplication to insert the correct symbol (>, =, or <) between the two fractions.
@ & @OF 5 % 5 01z A
3 B 12 13 912 16 1z 21
5 3 3 4 i 9 2 3
b5 2 () i 15 (h) 15 20 17 25
3 2 7 8 ho& 9 5 L
3 ¢ M1 17 () 13 16 O 1% 22
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6. If John walked 9/11 miles and Bill walked 4/5 miles, who walked the greater distance?

1 () @xpun |
Y axiun (4 axun (8

SUMMARY

When the division is not exact, a remainder is left after division. The remainder is less than the
divisor, and it may be looked upon as a portion of the divisor. Such portions are called fractions. A
proper fraction, such as “half,” is always less than one.

In the absence of a proper notation for a quantity less than 1, a fraction is presented as a
“dividend over divisor.” These two numbers are called numerator and denominator respectively to
emphasize the fact that a fraction is a single quantity even when two numbers are used to represent it.

When a unit is divided into equal number of smaller parts, each part is called a unit fraction. The
larger is the number of parts the smaller is each part or unit fraction. The numerator of a unit fraction
is always 1. All other fractions are multiples of unit fractions.

In a proper fraction the numerator is less than the denominator making it less than 1. In an
improper fraction, the numerator is equal to, or greater than the denominator making it equal to, or
greater than 1. Improper fractions may be written as mixed numbers.

Equivalent fractions are those which are written with different numerator/denominator pair, but
represent the same portion of a unit. For example, both 1/2 and 2/4 represent “half” of a unit. In such
a case, the numerator/denominator pair of a fraction is “magnified” or “shrunk” by the same amount to
become the numerator/denominator pair of the equivalent fraction.

Like fractions are multiples of the same unit fraction. Unlike fractions are multiples of different
unit fractions. Like fractions may be compared simply by their numerators. To compare unlike fractions,
one must convert them to like fractions first.

Copyright © 2008 by Vinay Agarwala, All Rights Reserved (01/01/2008) MS B4 - 16



DIAGNOSTIC TEST

1. Describe the quotient of "13 + 47 after further dividing the remainder.

1

LES]

2. Indicate the numerator and denominator of the fraction

]

(8

3. Insert the correct symbol (=, =, or <) between the two unit fractions.
1 (.| 1 1 I:' ':Itl __]_ i

(k) % = ic)
8

5

g =

@ 1

ma
(K]
M
(Y]
—

4. How would you dwide 3 pizzas equally among & people? What would each person get?

5. Show the fraction £ on a number Line.

P

fi. Express the whole number & n fractional form.

12
5

|

Convert the improper fraction into a mixed number.

Convert the mixed number &

oo

to an mproper fraction.

i

9. Write at least one equivalent fraction for each of the following fractions:
1

ey PR
|_|_.l_| 3 [

) =
VY 1%

[P

cn 20

[ (W8

10. Reduce the fraction % to 1ts lowest terms.

11. State f the following paw of fractions are equivalent or not.

|

Fay 3 4 fly _f 4 R | 5 fqy 13
a) = — (b =+ = lcl == = (dl =
I\.J ] 17 . 12 B oA M) F

=k
[0
]
[0

12. If John walked ﬁ miles and Bill walked % miles, who walked the greater distance?

5
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GLOSSARY

[For additional words refer to the glossaries at the end of earlier Milestones]

Cross multiplication

Denominator

Equivalent fractions

Fraction

Improper fraction

Like fractions

Mixed number

Numerator

Proper fraction

Reducing a fraction

Unit fraction

Unlike fractions

Cross multiplication is multiplying the numerator of one fraction to the
denominator of another fraction for comparison (see 8.16).

A denominator is the bottom of the two numbers in a fraction. The
denominator acts as the divisor in that ratio.

Equivalent fractions are fractions that represent the same ratio. For example,
the fractions, 2/4, 3/6, 5/10, and 7/14 are all equivalent because they all
represent the ratio %2 or “half.”

A fraction is a quantity smaller than a unit. The word FRACTION comes from a
Latin word “fractere” which means, “a broken piece.” A fraction is expressed as
a ratio of two numbers called numerator and denominator. A fraction may be
expressed as a multiple of a unit fraction.

An improper fraction is a ratio equal to or greater than 1. That is to say, its
numerator is equal to or greater than its denominator.

Like fractions are multiples of the same “unit fraction”. Therefore, they have
the same denominator.

A mixed number is made up of a whole number and a fraction. A mixed number,
such as, “2%." actually means “2 + %".

A numerator is the top of the two numbers in a fraction. The numerator acts as
the dividend in that ratio.

A proper fraction is a ratio less than 1. That is to say, its numerator is less
than its denominator.

A fraction is reduced to its lowest terms when all common factors are canceled
from the numerator and the denominator. All equivalent fractions reduce to the
same lowest terms.

When a unit is divided into equal number of smaller parts, each part is called a
unit fraction. Some examples of unit fractions are: a half, a third, and a fourth.
The numerator of a unit fraction is always 1.

Unlike fractions are multiples of the different “unit fractions”. Therefore, they
have different denominators.
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